We study gravitational perturbations around the near horizon geometry of the (near) extreme Kerr black hole. By considering a consistent truncation for the metric fluctuations, we obtain a solution to the linearized Einstein equations. The dynamics is governed by two master fields which, in the context of the nAdS 2 /nCFT 1 correspondence, are both irrelevant operators of conformal dimension ∆ = 2. These fields control the departure from extremality by breaking the conformal symmetry of the near horizon region. One of the master fields is tied to large diffeomorphisms of the near horizon, with its equations of motion compatible with a Schwarzian effective action. The other field is essential for a consistent description of the geometry away from the horizon.
Introduction
Symmetries have played an important role in accounting for the quantum properties of black holes, and particularly the enhancement of symmetries that takes place for extremal and near-extremal black holes [1] [2] [3] . The extremal limit of a black hole achieves zero Hawking temperature, even though the entropy remains finite and large. More prominently, it exhibits conformal invariance in the near horizon region and implies the existence of an AdS 2 factor [4] [5] [6] [7] [8] [9] [10] . Our understanding of black holes is therefore tied to AdS 2 gravity, and our progress relies on our holographic understanding of this instance of AdS/CFT. One the most infamous features of AdS 2 is that its symmetries do not allow for finite energy excitations [11, 12] . Dynamical processes force the introduction of a deformation away from AdS 2 , and the duality that describes these deformations is known as the nAdS 2 /nCFT 1 correspondence. This deformation is expected to be universal: breaking the conformal symmetry of AdS 2 induces a anomaly [13, 14] which governs the thermodynamic response and quantum chaos characterizing black holes. This expectation relies on studying 2D models of gravity coupled to a scalar field, colloquially referred to as Jackiw-Teitelboim (JT) gravity [15, 16] . In JT gravity, a non-trivial profile for the scalar field breaks explicitly conformal symmetry of AdS 2 . The novelty is that this profile is tied to large diffeomorphisms at the boundary of AdS 2 . These diffeomorphisms induce an anomaly via a Schwarzian derivative which governs the gravitational effects.
Reissner-Nordström black holes [17] [18] [19] [20] , with and without a cosmological constant, and the three dimensional BTZ solution [21, 22] , fit well these advancements. In this context one can show that the dynamics of (near) extreme black holes is described by an effective theory of 2D gravity coupled to a scalar field. Other instances of this success include [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] .
Rotating black holes add interesting features to this discussion. They share the AdS 2 factor, with the most prominent instance being the Near Horizon of Extreme Kerr (NHEK) in four dimensions [33] . A proposal for a holographic description of rotating black holes is the Kerr/CFT correspondence [34] ; see [35] for a review of this program. They also share the dynamical obstructions that makes AdS 2 problematic [36, 37] , which limits our holographic understanding. Recently, there has been some progress on quantifying rotating black holes along the lines of nAdS 2 /nCFT 1 [38] [39] [40] . Rotation adds more complexity to the deformations, due to a squashing mode that breaks spherical symmetry. For certain 5D black holes it is possible to build a 2D model of gravity coupled to matter that encodes this complexity [39] . These models include non-trivial interactions that are not captured by JT gravity. Nevertheless the mechanism that breaks conformal symmetry for this example conforms with the thermodynamic response advocated in [13, 14] .
Our goal here is to illustrate how to break the conformal symmetry of the near horizon geometry of the extreme Kerr solution. We will do this by solving the linearized Einstein equations around the near horizon geometry. 1 We are able to show that one of the gravitational perturbations incorporates a feature prominent in JT gravity: a scalar field that breaks conformal symmetry and is tied to the Schwarzian derivative. We also find an additional mode that is needed to consistently capture the deviations away from extremality, since its profile is non-vanishing for Kerr. We take this as evidence that simpler models, well suited for static black holes, do not accommodate rotating black holes.
Near extreme Kerr
In this section we review properties of the near extreme Kerr geometry, with particular emphasis on its near horizon geometry. We start by considering the general Kerr solution,
Here r − and r + are the inner and outer horizons. We are using conventions where G 4 = 1.
M is the mass and J = aM is the angular momentum of the black hole. The extreme Kerr solution is obtained as the confluence of the inner and outer horizon: r + = r − . We are interested in describing the dynamics of Kerr slightly above extremality. In this context, near extremality is defined as a deviation from the extreme limit which keeps J fixed. Implementing it as a limit, we have
where λ is a small parameter that controls deviations away from extremality. M 0 is the value of the mass at extremality, and ε is a constant that controls the deviation of the mass above extremality. Under these conditions, we can identify a near horizon region. Redefining the coordinates in (2.1) as 4) and taking the limit λ → 0 -with other parameters fixed-leads to the line element
For ε = 0, this is the Near Horizon geometry of Extreme Kerr (NHEK) [33, 34] . For ε = 0, we will call this background the near-NHEK geometry.
It is instructive to discuss some properties of (2.5). For ε = 0, we have
This geometry has four Killing vectors:
These vectors generate an sl(2) × u(1) algebra which corresponds to the enhanced conformal symmetry of the near horizon geometry. One can also impose asymptotic boundary conditions on (2.6). In particular, the set of diffeomorphisms preserving the asymptotic metric is [45] t
is an arbitrary function that reflects the freedom of reparametrization the boundary metric. 2 Acting on (2.5), this diffeomorphism gives
is the Schwarzian derivative. It is important to note that for f (t) = e εt , (2.9) reduces to the near-NHEK metric (2.5) . At this stage, this implies that NHEK and near-NHEK are just one diffeomorphism away. It is also worth noting that the shift of φ in (2.8) is the large gauge transformation discussed in [46] .
Gravitational perturbations
In this section we will study the response of NHEK to a small amount of energy: how the metric responds when we deviate from extremality. Our goal is to find a consistent truncation of the perturbations that captures the Schwarzian mode which is believed to be universal in the response to black hole near extremality. Our strategy is rather simple: we will propose an ansatz for the metric perturbations of NHEK and solve the linearized Einstein equations.
A deviation from extremality is a correction due to the near horizon parameter λ introduced in (2.4) . By inspection of the full on-shell Kerr geometry (2.1), which would correspond to stationary perturbations, it is clear that a suitable ansatz for metric perturbations needs to account for non-trivial θ-dependence. With the insight on the behavior of Kerr, we will consider the following deviation of the NHEK geometry
and captures the angular dependence of the ansatz. We treat the metric at linear order in λ. The metric perturbation Φ(t, r) parametrizes the change of the volume of the squashed sphere; χ(t, r) characterizes the squashing parameter that breaks spherical symmetry; ψ(t, r)
andχ(t, r) are introduced for consistency of the ansatz. At this stage it is a guess that χ,χ and ψ have no θ-dependence, and we will show that this is compatible with the equations of motion. We are not introducing φ-dependence since it seems consistent, for the purpose of capturing deviations from extremality, to focus on solutions which respect the isometry due to the Killing vector k = ∂ φ .
We now proceed to solve the linearized Einstein equations
where R µν is the 4D Ricci tensor, and look at the first correction due to λ in (3.1). The θ-components of this equation are the simplest to solve first. From R tθ and R θφ we can determine that the one-form can be written as
The components of α are arbitrary functions at this stage. In (3.4) we introduced an auxiliary 2D metric, defined as
and ε ab is the Levi-Civita tensor of this space, with ε tr = √ −det g ab . This is the AdS 2 space appearing in the NHEK geometry (2.6). Using (3.4) in R rθ and R θθ , we can see that a 2 = 0, and thatχ = χ. In addition R θθ = 0 implies
where 2 is the Laplacian for the AdS 2 background (3.6), and therefore χ is an operator of conformal dimension ∆ = 2. With this input in place, setting R φφ = 0 leads to
We have five components left to solve: R tt , R tr , R tφ , R rr and R rφ . Using the previous equations, one of these components is redundant. After some simple manipulations, we find
Here Φ 0 is a constant: this is the degree of freedom that changes the value of M 0 , since it can be reabsorbed as a rescaling of the angle φ. The field Φ JT satisfies
which is the equation of motion of the scalar field in Jackiw-Teitelboim gravity [15, 16] ; see Appendix A for a brief review. Finally, we also have
There is also a constraint onα, but this makes it pure gauge: we can removeα via a trivial diffeomorphism. The details are given in Appendix B.
In summary, the linearized perturbations are captured by two fields: χ and Φ. By solving the dynamics of these two fields, dictated by (3.7) and (3.10) one can reconstruct consistently the metric near NHEK. At this stage it is important to make some technical remarks:
1. Our analysis is also a consistent truncation of the linearized Einstein equations around the locally NHEK background (2.9) where we take the ansatz for the perturbations to have the same form as in (3.1). The explicit form of the perturbed metric can be found in (C.8). The solution is given by (3.4)-(3.11), with the modification that the auxiliary 2D metric in (3.6) is changed to a locally AdS 2 metric: 3
In particular, the solutions to (3.10) on this background are of the form
where ν obeys
and µ satisfies (A.8). This equation relates the explicit breaking of symmetries in NHEK, due to ν(t), with the diffeomorphism (2.8) on its boundary, parametrized by f (t). It can also be obtained from the Schwarzian effective action (A.10), as reviewed in Appendix A. See [14] for more details on this relation and its interpretation.
2. We constructed a consistent truncation of the linearized problem that captures the deviations away from the AdS 2 throat of the extremal Kerr solution. We do not expect (3.1) to be the most general ansatz for gravitational dynamics near the NHEK geometry: additional angular dependence could be added, which will be interesting to quantify. In particular, it would be interesting to develop a more systematic construction of master fields along the lines of the techniques developed by Kodama-Ishibashi [47, 48] , and the recent results in [49] .
3. It is instructive to match the perturbations derived in this section with the stationary configuration that would match the behavior of the Kerr black hole. Applying the limit (2.4) to the Kerr geometry (2.1), and comparing the linear order in λ with the perturbations (3.1) for near-NHEK, we obtain 15) and the one-form α is zero. Hence both modes are non-trivial for the Kerr solution.
The nAdS 2 analysis of the Kerr black hole shares one similarity with the charged counterparts studied in [17, 18] : there is one gravitational mode Φ which satisfies the JT equations of motion (3.10). For Reissner-Nordström black holes, it was consistent to only focus on the dynamics of Φ as the leading effect in deviations away from extremality. But there are some important differences for Kerr. First, the θ-dependence in (3.4) prevents us from building a 2D effective theory that describes these modes. This is mostly a technical barrier, since it is more cumbersome to keep track of the dynamics of the system. Nonetheless, we expect to be able to quantify, for example, correlation functions of these gravitational perturbations in future work.
The second, and most important, difference relative to Reissner-Nordström black holes is the additional degree of freedom χ that we have found. This is similar to the 5D rotating black holes studied in [39] : there is a squashing mode χ that influences the gravitational perturbations. Remarkably, χ and Φ are both irrelevant operators of conformal dimension ∆ = 2. While the dynamics of Φ is restricted by the large diffeomorphism of NHEK, via (3.14) , the field χ is a dynamical mode. As indicated by (3.15) , the source for χ is turned on for the Kerr solution: this a strong indication that although (3.14) captures some important aspects of the deviations away from extremality, a complete characterization needs to take into account the interactions of Φ with χ.
Large diffeomorphisms play a prominent role in our analysis, which begs for a comparison with Kerr/CFT. A crucial difference is that the asymptotic symmetry group used in [34] had arbitrary functions of φ, while here we are considering generators that reparametrize the boundary time. It would be interesting to investigate whether there is a deformation of NHEK that ties the explicit breaking of the conformal symmetry by an irrelevant deformation to the conformal anomaly in the Virasoro algebra of Kerr/CFT. This will require searching for gravitational perturbations that have non-trivial φ-dependence, which we have ignored in this work. We hope to pursue this direction in future work.
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A Aspects of JT gravity
In this appendix we review some basic properties of JT gravity [15, 16] ; our summary is based on [13, 14, 50] . The 2D JT action with a negative cosmological constant is given by
The on-shell metrics are all locally AdS 2 . The equation of motion for Φ takes the form
For AdS 2 in the coordinates used in (3.6), the explicit solution is
where c 1 , c 2 and c 3 are arbitrary constants.
Next, consider a diffeomorphism that preserves the boundary of AdS 2 and the radial gauge
which is the 2D version of (2.8). The metric transforms as
The solution for Φ is now modified to
Combining them gives
This last equation relates dynamically the source in Φ to the diffeomorphism (A.4) that induces a reparametrization of the boundary. Although the relation (A.9) is derived from the 2D equations of motion, it can also be captured by a 1D boundary action
which is the Schwarzian effective action. I bndy is obtained by evaluating (A.1) for locally AdS 2 metrics (A.5), and focusing on the finite terms near the boundary. The variation of I bndy with respect to f gives (A.9).
B Redundancies due to diffeomorphisms
In this appendix we determine which components of the metric fluctuations in (3.1) correspond to pure diffeomorphisms. First consider an arbitrary infinitesimal diffeomorphism
which leads to a perturbation δg µν = L ξ g µν ,
where g µν is the NHEK metric (2.6) . Demanding that the perturbation δg µν fits in the ansatz (3.1) gives some constraints on ξ µ which can be solved explicitly. From this analysis, we can show that Φ and χ are physical fields and that the one-formα is pure gauge. To see thatα can be removed by a diffeomorphism, we first need to solve the following constraint which comes from the (t, t) component of the linearized Einstein equation. Using (3.4)-(3.10) on R tt = 0 gives 4
This constraint can be integrated explicitly and we can write the result as follows
where F (t, r), G(t) and H(t) are arbitrary functions. The infinitesimal diffeomorphism that we are looking for is then given by
Indeed, the corresponding perturbation takes the form
and precisely cancels the contribution ofα in the solution of our ansatz (3.1). We have also noticed that the perturbations associated with the gravitational mode Φ are related to some large diffeomorphisms of the NHEK with non-trivial φ-dependence. We hope to investigate them in future work.
C On-shell action and thermodynamics
It is instructive to discuss the thermodynamics near extremality, and its ties to the gravitational perturbation Φ. The thermodynamic properties of the near-NHEK geometry are as follows [51] : implementing (2.3) on the standard thermodynamic variables, the energy above extremality is
The near-extremal entropy at linear order in λ is
and in this limit the Hawking temperature increases by
This allows us to write
where C = 4π 2 M 3 0 . There is a straightforward and trivial way to link the thermodynamics response in (C.4) to the gravitational mode Φ. The solution with the deformation turned on is In the following we show that a direct evaluation of the on-shell action, along the lines of [14] , doesn't work in our context. Let's consider
which is the standard Einstein-Hilbert action with the addition of the Gibbons-Hawking-York term. The contribution to the free energy would be derived from evaluating I 4D on-shell, whose only non-trivial contribution comes from the Gibbons-Hawking-York piece. The geometry of interest is ds 2 = −M 2 0 (1 + cos 2 θ + λχ(t, r)) 1 + λψ(t, r) r 2 1 + {f (t), t} 2r 2 2 dt 2 (C.8) +M 2 0 (1 + cos 2 θ + λχ(t, r)) dr 2 r 2 + dθ 2 +4M 2 0 sin 2 θ (1 + λΦ(t, r)) 1 + cos 2 θ + λχ(t, r) dφ + r 1 − {f (t), t}
where we treat it at linear order in λ. For a hypersurface Σ r at fixed r, we find In the case of the Kerr solution, they are given by (3.15 ). There are a few important observations to make about (C.10).
1. There are two divergences at large r. The linear divergence doesn't depend on the perturbations and is not problematic: it simply reflects the infinite volume of the NHEK geometry. However, there is also a divergence that depends on σ(t), which is the source for χ. This is not surprising since χ is an irrelevant deformation, but a consistent treatment will require a proper analysis of holographic renormalization.
2. The source ν(t) for Φ does not appear in (C.10). It does contribute to the trace of the extrinsic curvature K, but its contribution gets canceled after multiplying by the determinant of the induced metric.
3. The source σ(t) of χ contributes at the same order as ν(t) in K. To our surprise, the finite piece has this source multiplying the Schwarzian derivative, even though their dynamics are not seemingly interconnected.
